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$G$ ( ) $K$ $G$
$G/K$






$f$ $G/K$ $:= \frac{1}{|G/K|}\int_{\omega\in G/K}f(\omega)d\mu(\omega)$ $(\in \mathbb{C})$
$|G/K|$ $\mu$ $G/K$
$f$ $\mu$
$G$ $C(G/K)$ $C(G/K)$ $V$





$f$ X $:= \frac{1}{|X|}\sum_{x\in X}f(x)$
$G/K$ $f\in C(G/K)$
$f$ $X$ $:= \frac{1}{|X|}\sum_{x\in X}f(x)$
“
$f$ $X$ ” “$f|_{X}(\in C(X))$ $X$ “
$G/K$ $X$ $C(G/K)$ $G$- $V$
$X$ $G/K$ V- ’ :
Definition 2.1 ($G/K$ ). $X$ $G/K$
$V$ $C(G/K)$ $G$- $X$ V-
$f\in V$
$f$ $X$ $=f$ $G/K$
142
:Fact 2.2. $X$ $G/K$ $V$ $C(G/K)$
$G$ -
$\bullet$ $X$ $G/K$ V- $g\in G$ $gX$
V-







$(\omega, \omega’)\sim(g\omega, g\omega’) (\omega, \omega’\in G/K, g\in G)$ ,
$[G/K]$
( $[G/K]$ ).
$\mathcal{A}:G/K\cross G/Karrow[G/K]$ $\omega,\omega’\in G/K$
$\mathcal{A}(\omega, \omega)=\mathcal{A}(\omega’, \omega’)$
$1 [G/K]:=\mathcal{A}(\omega, \omega)\in[G/K] (\omega\in G/K)$ .
$G/K$ $K$ $K\backslash G/K$
$[G/K]$ $K\backslash G/K$
( ) :
$[G/K]arrow K\backslash G/K, \mathcal{A}(gK, g’K)\mapsto Kg^{-1}g’K.$
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$G$ $C(G/K)$
$K$ $C(G/K)$ $\in C(G/K)$
$K$- $K$-spherical $K$-spherical
$G/K$ $f_{0}$ $[G/K]\simeq K\backslash G/K$
$\tilde{f}_{0}$
$\tilde{f}_{0}(\mathcal{A}(\omega,\omega’)):=f_{0}(g_{\omega}^{-1}\omega’)$ $(for \omega, \omega’\in G/K with \omega=g_{\omega}K, g_{\omega}\in G)$
$[G/K]$ $\tilde{f}_{0}$
$G/K$ $X$ $[G/K]$ $\mathcal{A}’(X)$
$\mathcal{A}’(X):=\{\mathcal{A}(x, y)\in[G/K]|x, y\in X\}$
$\mathcal{A}’(X)=1_{[G/K]}\sqcup\{\mathcal{A}(x, y)|x,$ $y\in X$ with $x\neq y\}$
$G/K$ :
Definition 2.3 ($G/K$ $F$- $V$- ). $X$ $G/K$
$F$ $[G/K]$ $X$ $G/K$
$F$-
$F(\mathcal{A}(x, y))=|X|\delta_{xy} (for any x, y\in X)$ ,
( $\delta_{xy}$
$)$ . $C(G/K)$ $G$- $V$ $X$ $G/K$
$V$- “ $K$-spherical $G/K$ $f_{0}$
$f_{0}\in V$ $X$ $G/K$ $\tilde{f}_{0}$- ”
$X$ $\mathcal{A}’(X)$
:
Fact 2.4. $X$ $G/K$ $V$ $C(G/K)$
G-
$\bullet$ $X$ $G/K$ $V$ - $g\in G$ $gX$
$V$ -
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$\bullet$ $G/K$ $C(G/K)$ $V=C(G/K)$






$(G, K)=(O(d+1), O(d))$ $G/K$ $d$- $S^{d}$
$S^{d}(\simeq G/K)$ $l$ -
$Harm_{l}(S^{d})$ $l=0,1$ , . . . $Harm_{l}(S^{d})$
$G=O(d+1)$ $S^{d}$ $C(S^{d})$
$\oplus_{l=0}^{\infty}Harm_{l}(S^{d})$ (Peter-Weyl ).
$X$ $S^{d}\simeq G/K$ $t$
$V_{t}:=\oplus_{l=0}^{t}Harm_{l}(S^{d})$
:
Proposition 3.1. $(X, t)$ :
1. $X$ $G/K$ Vt-
2. $X$ t-
$K\backslash G/K\simeq[-1,1]$
$( [-1, 1] [-1, 1]\subset \mathbb{R} )$
$\omega,\omega’\in S^{d}\simeq G/K$
$\mathcal{A}(\omega, \omega’)=\langle\omega, \omega’\rangle_{\mathbb{R}^{d+1}}$
$( \langle, \rangle_{\mathbb{R}^{d+1}} \mathbb{R}^{d+1} )$
$\mathcal{A}’(X)$ $X$ 1
$l$ $Harm_{l}(S^{d})$ $O(d)-$
spherical ( ) $O$ (d)-spherical
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$f\in Harm_{l}(S^{d})$ $f_{0}$ $[$ -1, $1]\simeq K\backslash G/K$
$l$- Gegenbauer
Proposition 3.2. ( $X$ , t) :
1. $X$ $G/K$ $V_{t}$ -
2. $\mathcal{A}’(X)\subset[-1,1]$ $t$ -
$F$ $\mathcal{A}’(X)$ $F(1)=1$
3. $|\mathcal{A}’(X)|\leq t.$
Remark 3.3. $|\mathcal{A}’(X)|\leq t$
$G/K$ 1 (
$K\backslash G/K$ )
$(G, K)$ $X$ $G/K$ $V$ -
$\mathcal{A}’(X)$
$X$ $V$ - $|X|\leq\dim_{\mathbb{C}}V$
$|\mathcal{A}’(X)|\leq|X|^{2}-|X|\leq(\dim_{\mathbb{C}}V)(\dim_{\mathbb{C}}V-1)$
( )




$\Omega$ $0\leq k\leq n$
$\Omega_{k}:=\{b\subset\Omega||b|=k\}$
$n$- $\mathfrak{S}_{n}$ $\Omega$
$\mathfrak{S}_{n}$ $\Omega_{k}$ $\Omega_{k}$ $\mathfrak{S}_{n}$
$\Omega_{k}\simeq \mathfrak{S}_{n}/(\mathfrak{S}_{k}\cross \mathfrak{S}_{n-k})$
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$X$ $\Omega_{k}\simeq G/K$ $X$
t- $a\in\Omega_{t}$ ( $a$ $\Omega$ $t$- )
$|\{x\in X|a\subset x\}|$
$a\in\Omega_{t}$
t- $\simeq \mathfrak{S}_{n}/(\mathfrak{S}_{k}\cross \mathfrak{S}_{n}$
$\Omega_{t}$ $C(\Omega_{t})$ $C(\Omega_{k})$
$\Phi:C(\Omega_{t})arrow C(\Omega_{k}) , \psi\mapsto\Phi(\psi)$
$\Phi(\psi)(b)$
$:= \sum_{a\subset b,a\in\Omega_{t}}\psi(a)$
(for any $b\in\Omega_{k}$ )
$V_{t}:=\Phi(C(\Omega_{t}))$ $C$ ( $\Omega$
$\mathfrak{S}_{n}$-
Proposition 3.4. $(X, t)$ :
1. $X$ $\Omega_{k}\simeq \mathfrak{S}_{n}/(\mathfrak{S}_{k}x\mathfrak{S}_{n-k})$ Vt-
2. $X$ t-
3.3 Gelfand
( ) $G$ $K$ $C(G/K)$
$G$ $G$ $C(G/K)$
1 $(G, K)$ Gelfand
$(G.K)=(O(d+1), O(d)),$ $(\mathfrak{S}_{n}, \mathfrak{S}_{k}\cross \mathfrak{S}_{n-k})$
Gelfand $G$ $(G, K)$
$(G, K)$ Gelfand $(G, K)=$








Setting 4.1. $G$ ( ) $K$








4.1 $X$ $G/K$ V-
$V$ $G$-
$V=V_{0}\oplus V_{1}\oplus\cdots\oplus V_{m}$
$V$- $X$ $G/K$ V-
$i=0,$ $\ldots,$ $m$ $X$ $G/K$ Vi-
$V$ $X$ V-





Proposition 4.2. 4.1 $W$ $C(G/K)$
$G$ - $(X, W)$
:
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1. $X$ $G/K$ $W$ -
2. $f\in W$
$\sum_{x\in X}f(x)=0.$







$V^{-}:=\{\overline{f}|f\in V\}, V\cdot V^{-}:=\mathbb{C}-span\{f\cdot\overline{f’}|f, f’\in V\}$
$\overline{f}$ $G/K$ $f$
$V^{-}$ $V\cdot V^{-}$ $C(G/K)$ $G$-
Fisher
Theorem 4.3 (Fisher ). 4. 1 :










4.1 $\mathfrak{X}:=(X, \{R_{\alpha}\}_{\alpha\in \mathcal{A}’(X)})$
$\alpha\in \mathcal{A}(X)$ $X$ $R_{\alpha}$
$R_{\alpha}:=\{(x, y)\in X\cross X|\mathcal{A}(x, y)=\alpha\} (\alpha\in \mathcal{A}’(X))$
, $X\cross X$
$X\cross X= \sqcup R_{\alpha}$
$\alpha\in \mathcal{A}’(X)$
$V$ $G$- $End_{G}(V)$
















$X$ $G/K$ $V$ -
$|X|=\dim_{\mathbb{C}}V$
3. $\dim_{\mathbb{C}}End_{G}(V)=|\mathcal{A}’(X)|-1$ $X$ $G/K$ $V$ -
“ $\mathfrak{X}=(X, \{R_{\alpha}\}_{\alpha\in \mathcal{A}’(X)})$
$\mathfrak{X}$
$V$ $G$
Remark 4.5. $(G, K)$ Gelfand $C(G/K)$ $G$ - $V$
5
$G_{0}$ ( ) $G_{0}\cross G_{0}$
$\triangle G_{0}:=\{(g, g)\in G_{0}\cross G_{0}|g\in G_{0}\}$
$G_{0}\cross G_{0}$ $G_{0}\cross G_{0}$ $G_{0}$
$G_{0}$ $\triangle G_{0}$
$G_{0}\simeq(G_{0}\cross G_{0})/\triangle G_{0}$
$G_{0}$ $(G_{0}\cross G_{0})/\triangle G_{0}$
5.1
$G_{0}$ $\Gamma$




$V$ $G_{0}$ $\{U_{0}, \ldots, U_{t}\}$
$V \simeq\bigoplus_{i=l}^{t}(U_{l}\otimes U_{l}^{-})$
( $U_{l}\otimes U_{l}^{-}$ $G_{0}$ -
$G_{0}\cross G_{0}$ )
$G_{0}$ $\Gamma$ $(G_{0}\cross G_{0})/\triangle G_{0}$
:
Proposition 5.1. $\Gamma$ $G_{0}$ $V$
$C(G_{0})$ $(G_{0}\cross G_{0})$ -
$\oplus^{t}(U_{l}\otimes U_{l}^{-}) (U_{l}\in\hat{G_{0}})$
$i=l$
( $\hat{G_{0}}$ $G_{0}$ )
$(\Gamma,V)$ :
1. $\Gamma$ $G_{0}\simeq(G0\cross G_{0})/\triangle G0$ V-
2. $i=0,$ $\ldots,$ $m$ $U_{i}^{G}=U_{i}^{\Gamma}.$
$G_{0}=O(d+1)$
$V_{t} := \bigoplus_{\iota=0}^{t}(Harm_{l}(S^{d})\otimes Harm_{l}(S^{d})^{-})$
$O(d+1)$ $\Gamma$ $O(d+1)\simeq(O(d+1)\cross O(d+1))/\triangle O(d+$
1 $)$ - $\Gamma$ $O(d+1)$ $t$-




$\bullet$ $X$ $G_{0}\simeq(G_{0}\cross G_{0})/\triangle G_{0}$ V. $V$– ( $V\cdot V^{-}=$
$V)$ .
$\bullet$ $X$ $V$-





$X:=\{(\begin{array}{ll}1 00 1\end{array}), (^{\sqrt{-1}}0-\sqrt{-1}0), (\begin{array}{l}0-110\end{array}), (_{\sqrt{-1}}0\sqrt{-1}0)\}$
$U(2)$ $U$ ( $2$ )
$V=U$ $U^{-}$
$X$ $V$ $U(2)\cross U(2)$
$X$ $V$-
$|X|=4=\dim_{\mathbb{C}}V$ Theorem 4.3 $X$ $V.V$–
Remark 5.2. $|\mathcal{A}’(X)|=2$ $\mathfrak{X}=(X, \{R_{\alpha}\}_{\alpha\in \mathcal{A}’(X)})$
1 $\dim_{\mathbb{C}}End_{G}V=1$
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